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The plane contact problem of interaction between an infinite plate and asemi-
infinite stiffener through an infinite system of stiff circular inclusions (rivets) is
considered, The problem reduces to an infinite system of linear algebraic equa-
tions with coefficients dependent on the difference in the indices; the exactso-
lution of this system is constructed by reducing it to a known Riemann-Hilbert
problem by the method of Fel'd [1]. This problem can be considered as a dis-
crete analog of the problem of continuous interaction between a plate and a
semi-infinite stiffener {2],

In computing the strength of riveted panels in which the interaction between thin plate
and one-dimensional reinforcing elements is realized through a discrete system ofrrivets,
it is usually assumed that the plate and the
reinforcing elements interact along the whole
line of contact (continuous interaction). Such
an approach is legitimate for a part of the rivet
arrangement, when taking account of the dis-
crete nature of the interaction between the
panel elements plays no essential role, A num-
—  ber of problems on the continuous interaction
between infinite and semi-~infinite platesand
finite, semi-infinite, and infinite stiffenersis
considered in [2—6], etc,

A solution of the problem on the transmis-
/'Ez:l—‘ sion of the force from an infinite stiffenerto

|

Nig an infinite plate through a periodic system
of rivets is given in [7]. An exact solution
Fig, 1 of the more difficult problem of the interac-
tion between an infinite plate and a semi-
infinite stiffener attached to the plate by using an infinite number of rivets arranged at
an identical distance from each other is given below,

1, Formulation of the problem. Let a semi-infinite stiffener of cross sec-
tion F, be riveted to an infinite thin plate at an angle § to the oz~ axis(z,,z,are rec-
tangular Cartesian coordinates in the middle plane of the plate, 7z = z, + iz, is the
complex variable), The rivets are arranged with the constant spacing R and have the
identical radius r (Fig, 1).

Let us assume the following: (1) there is no friction between the plate and the stiffe-
ner, (2) We neglect the effect of eccentric attachment of the stiffener (relative tothe
middle plane of the plate), (3) A plane state of stress is realized in the plate, and therivets
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in the plate are modelled by stiff circular inclusions. (4) The stiffener works onlyin ten-
sion-compression, where its attenuation because of installation of the rivets is not taken
into account,

Let us limit ourselves to an examination of the case when the plate is subjected at in-
finity to constant forces characterized by the tensor Nag (@, § = 1, 2), and point for-
ces X;* = X ;* -} iXy;* (j =0, 1, 2, ... are applied to the centers of the
rivets Zj .

Let us imagine the stiffener separated from the plate and let us apply unknown inter-
action forces X; = Xy;+ iX,; and — X, respectively, to the rivet centers z; of the
plate and the stiffener. Let V; be the force in a rod at the section between the j -thand
(j + 1) ~th rivets, It follows from the equilibrium of the part of the stiffenerin the neigh-
borhood of the j-th rivet

X; = X% 4+ (N; — 0;Nje)e® (=0, 1, 2,...) (L1
] fg{]‘:@,’f,z,...
95”{0 for j=—1,—2,...

Taking account of the notation
Pj+iQi= Xje=®, P iQ* = Xre™b (7=0,1,2...)
the relationships (1. 1) can be given the form
Pj=P* + Nj — 6;,N;, (L2
Q; = 0% (i=0,1,2.)

Hence, it follows in particular that
k
Ni= 3 (Pi— P (:=0142...) (1.9)
j=0

In order to determine the unknown forces £; transmitted through the rivets, we write
the conditions for compatibility of the mutual displacements of the adjacent rivets in
the plate and the stiffener. Let ¥, be the mutual displacement of the k-th and (kK +
1) -th rivets in the plate in the stiffener direction, Then

. RN
Vi = Re{[w (2141) — w (zx)] e} = EOF}; (k=0,1,2,...) (1.4

(1 — v)Bw (2) = % (2) — 2¢'(2) — ¥ () (1.5)

(B=FEh/i(1l—~v),%={(3—v)/{1-+~)

where the relationship (1.5) to determine the complex displacement vector w = u; -
iu, is written in conformity with [8], /4 is the plate thickness, v, £ are the Poisson
ratio and Young's modulus, respectively, of the plate material, ¢(z) and 1 (z) arecom-
plex potentials, and E, is the Young's modulus of the stiffener material,

To find the functions @ (z) and ¥ (z) we must solve the plane problem of elasticity
theory for a plane with an infinite number of stiff circular inclusions simulating rivets,
Hovever, in the majority of cases of practical importance, the rivet radius is small com-
pared to their spacing (r / B = 0.02—0.1). This permits us to limit ourselves to ta-
king account of the asymptotic interaction between the inclusions and to use the super-
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position principle in the followinz form:

96 = 0@+ Tl PE = b+ 340 (1.6)
=0 j=0
Here
9 (2) = Tz, 4, (5) = 'z .
9;(2) 5 (‘fi_ 5 In(z — z;)
'KX]' . X; % r
V(&) = gy G~ 8) T o [z——-?zj RRTErT

(j == 0,1,2, . e ey 4F = ;’Vum + Nﬂzzw; 2F’~_: :'V2200 -—-;Vu’” + ziNltzm)

where @y (2), P, (z) are the potentials of the given homogeneous external field,
@; (2), P; (2) are the potentials for a plane with one j -th stiff circular inclusion to
whose center a force X is applied,

Taking into account that (r / R)?><€ 1, after certain manipulations the compatibility
condition (1, 4) can be reduced by using the relationships (1, 5)—(1. 7) to the form

o N.
’Yo—zrk_jpj= &: (k=0,1,2,...) (1.8)
i=0
Here
4nR 11—
Yo= oy [Ty W™+ Naw) + (1.9
(Ny® — Ngy™)cos 2B -+ 2N y,* sin Zﬁ]
1-+-2%xlne, — |
Iy=—T 4 y={—1—2xlng, k=0 (1. 10)
2xIn(1 4+ 1/k), k0, —1
_ (v EF, _
= 8n(—wBR' °~TH

Subtracting the ( & — 1 )-th equation from the k-th in the system (1, 8) (for & = 1),
2, ... and taking (1. 2) into account, we find

Po + 0)52 F_51)3 = WYg -}-— PO* (1. 11)
=0
Pt o D by iPj=DP* (k=1,2,...)
where i=0
2r07 k= 0
bk=b_k=l‘k+l‘_k= '1-}—2%11’128, !k’=1 (1.12)

2xin(1 — k%), |k]=2,3,..

Equations (1, 11) are used to determine the forces P; transmitted through the rivets.The
forces in the stiffener /V; are then found from (1.3). The field in the plate is determined
easily in terms of the P; found by means of the formulas (1. 1), (1. 2),(1. 6) and (1. 7).



316 L. $. Rybakov and G, P, Cherepanov

2, Solution of the infinite algebraic system, Following the method
proposed by Fel'd [1], let us consider the functions

B (z) = k?_; b2k, T'(z) = E Tyzk (2.1)
= k::——oo

Since

and the series S
b(t) = B(ei") = 2 D) by(cos kt — 1) (2.2)
k=1

converges, then the function B (z) is regular in the unit circle . Moreover, by using
(1, 10) and (1. 12} it can be shown that

Bz = (1 —2)(2)

Let us assume that the functions
oo oo
Pt(z) = ) Pyg¥, P*(z) = D P\*zk
k=0 k=0

are analytic in the domain D, - C (D, and D_ are the domains inside and outside
the unit circle, respectively), This assumption is justified in the ratio of the functions
P+ (z) after the problem has been solved. The analyticity of the function P* (z) in
the domain D, - C is assured by the nature of the external force distribution P *
under consideration,

It follows from this discussion that

Py o | PO = PHOO)RY (=0 12,0 (2:)
where ¢
1o | Py k=0,1,2,...
2m’81’ (§)gF1dg = {0 b 1 9 (2.4)
C ? - 4 LR

Analogous relationships hold for the quantities Pp* and P* (z).
Taking account of these expressions, (1, 11) becomes

1 ¢1+el’@) 5. - 2.5
%gw—gwp (©)dE = oy + Po* (2.5)
1 ¢ GOP O —P*(E _— .
m§ . ;(kll bag—0 =t (2.6
Here
GO =1+B(Q)=1+a(l—I (Y 2.7
Let us introduee the piecewise-analytic function

P*(z), ze=D,
P (Z)Z{P‘(z), =D

which is a solution of the Riemann~Hilbert boundary value problem
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PP =GP () —P*() =0 (2.8)

Then conditions (2.4) and (2, 6) will be satisfied because of the definition of the func-
tion P (z) and taking account of (2.7) and (2, 8), Eq. (2.5) goes over into the relation-

ship P+ (1) = oy, + P* (1) (2.9)

which reflects the equilibrium condition for the semi-infinite stiffener separated from
the plate,

According to (2. 2) and (2, 7), the function G (L) ({ & () is real and positive so that
its index in the circle ( is zero. Hence, the solution of the problem (2, 8) has the form

9] P (z) = X= (2)[f*(2) + P~ (c0)}, X*(2) = exp [—F%(z)] (2.10)

_ A6 L
Fi(z)_2ﬂi§§ dt, fx(z) = ZmSm

Finding the constant P~ (oco) from the equilibrium equation (2.9)

- oy +P*(1)
P (00) = —xm ! (1)

we finally write the solution as follows:

Pt (z) = [—‘”Y—%—f})—‘ﬂ — () + ) X* @

According to (1. 7) we hence find

@y 4 P*(1) , X+®(0) 1 oyq(6) .
Po= [y — O @ X @RS, 23D

(k=0,1,2,...)
In conclusion, let us note a more convenient form of writing the last equations for cal-
culations. To do this, we use the following recursion relations:

+(k) +(m) 4-(k—m)

= l(c e Z (b m) = m!(fz)cﬁ__ m)! B 2.0 @1
+ + k) +(m) +HE—m) (7
and the notation "
P = ki X+0(0), 8 = %'—[f" (z) X* (2))2, (2. 14)
F+(0) 1 In G (§)
= = TSTF‘ZQ: (2.15)
C

! \ln g (0) - coskodo (g (0) = G (¢'%))

A () 1 ¢ _P*)dg 2,16
M= T = EEW (2.16)
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Taking into account that

Po == X*(0) = exp [—F* (0)], X*(1) =exp [—F (1) (217

s . L InGQ M
R T A s
we obtain by using (2. 11)—(2, 16)
Po -+ P* (1 ; , ;
Py= [ﬂ‘};%—”‘u -7 (i)}m 40, (h=0,1,2,..) (2.18)
il
where
K
pl\"':_—Tan}‘ 71}“): (k=12,..)) (2. 19)
1e=]
%
8= 2 promtn (F=0.1.2...) (2.20)
m=0

8., Numerical results, As an illustration of the general solution of the pazticu-
lar case when there is no external field,i.e. N5 a3 = 0 and yo= 0, but the force X j*=
% is applied to the outermost rivet (k = 0). Then P, = P* (z) =1, [* () = 0,

1, == 0 and according to (2, 18) and (2, 20)

Pk::pk/]/;; (kv’—*‘O, 1, 2,...

It is now required to find the quadrature (2, 15) and to use the recursion formula(2,19).
f:lk
1.0g— -~
I

Py
H\A
"‘*k
—
~— N
] N
{?

1.0 2.0 o
Fig. 2

Curves of the dependence of the forces P, and P, at the two outermost rivets on the re~
lative stiffness parameter o are represented for two values of the parameter ¢ equal to
0, 02 (dashes) and 0, 1 (solid line) in Fig, 2 for v = 1/, . A domain of values of ¢ en~-
countered in practice lies between these values, The calculations were performed on the
M-222M computer; the computation time was around two minutes (for 17 points on each
curve),
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Let us note that a variable scale is used along the « axis in Fig. 2: to the left of 1 are
values of the parameter o itself, while to the right of 1 are values of 1/ ¢ so that for
® <1 the points © and 1/ o are symmetric relative to the point o = 1.

The dependence of Py for k == 2,3, . .. on the parameter » qualitatively duplicates
the curve for P, in Fig, 2, An appraisal of the distribution of the forces P}, over the ri-
vets can be made from the following results (we present the values 1047, & = 0,1,

. o)

€& o k=0 t 2 3 4 5

0.1 6325 1162 526 294 185 126

0.1 1.0 2617 566 376 280 222 182

10 871 124 91 T4 63 55

0.1 5360 1397 65t 355 216 142

0.02 1.0 2089 537 369 277 219 179

10 689 112 84 69 59 5t

Let us note that in the presence of one external field when N3 <= 0 (and X,* = 0),,

we have

Pylvo= 0pp!/Vps (k=0,1,2,...)

which agrees with the case just considered to the accuracy of a factor of'w .
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