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The plane contact problem of interaction between an infinite plate and asemi- 
infinite stiffener through an infinite system of stiff circular inclusions (rivets) is 
considered. The problem reduces to an infinite system of linear algebraic equa- 

tions with coefficients dependent on the difference in the indices ; the exact so- 
lution of this system is constructed by reducing it to a known Riemann-Hilbert 
problem by the method of Fel’d [l]. This problem can be considered as a dis- 
crete analog of the problem of continuous interaction between a plate and a 

semi-infinite stiffener [Z]. 

In computing the strength of riveted panels in which the interaction betweenthinplate 
and one-dimensional reinforcing elements is realized through a discrete system ofrivets, 

Fig. 1 

it is usually assumed that the plate and the 
reinforcing elements interact along the whole 

line of contact (continuous interaction). Such 
an approach is legitimate for a part of the rivet 
arrangement, when taking account of the d&- 
Crete nature of the interaction between the 
panel elements plays no essential role. A num- 
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ber of problems on the continuous interaction 
between infinite and semi-infinite plates and 
finite, semi-infinite, and infinite stiffeners is 

considered in [2-61, etc. 
A solution of the problem on the transmis- 

sion of the force from an infinite stiffener to 
an infinite plate through a periodic system 
of rivets is given in [‘7]. An exact solution 
of the more difficult problem of the interac- 
tion between an infinite plate and a semi- 

infinite stiffener attached to the plate by using an infinite number of rivets arranged at 
an identical distance from each other is given below. 

1. Formulation of the problem, Let a semi-infinite stiffener of cross sec- 
tion F, be riveted to an infinite thin plate at an angle p to the ozi-axis(z,,s,are rec- 
tangular Cartesian coordinates in the middle plane of the plate, z = x1 + ix, is the 
complex variable). The rivets are arranged with the constant spacing R and have the 
identical radius r (Fig. 1). 

Let us assume the following: (1) there is no friction between the plate and the stiffe- 
ner. (2) We neglect the effect of eccentric attachment of the stiffener (relative to the 
middle plane of the plate). (3) A plane state of stress is realized in the plate, and the rivets 
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in the plate are modelled by stiff circular inclusions. (4) The stiffener works only in ten- 
sion-compression, where its attenua~on because of installation of the rivets is not taken 

into account. 
Let us limit ourselves to an examination of the case when the plate is subjected at in- 

finity to constant forces characterized by the tensor Nra (CC, /3 = 1, 2), and point for- 
ces xj* z Xii* - t iX2j* (I’ ‘__ 0, 1, 2, . . . are applied to the centers of the 
rivets Zj _ 

Let us imagine the stiffener separated from the plate and let us apply unknown inter- 
action forces Xj = X,j+ iXzj and -_X j , respectively, to the rivet centers zj of the 
plate and the stiffener. Let Nf be the force in a rod at the section between the i -thand 

(j -j- 1) - th rivets. It follows from the equilibrium of the part of the stiffener in the neigh- 
borhood of the j - th rivet 

Xi = Xi* _t- (Ni - ~~_~~~j-~)ei~ (i=O, 1, Z,...) (1.1) 

Cl& 
for. i = 0, f , 2, . . . 
foi i=--1,--Z,... 

Taking account of the notation 

Pi + iQj= Xie-iP, P,* + iQj* = Xj*e-@ (j = 0, 1,2,. ~ ~ ) 

the relationships (1.1) can be given the form 

Pj s Pj* f Nj - 0j_1Nj-, (1.2) 
Qj = Qj” (i= 0, 1, 2,...) 

Hence,it follows in particular that 

NI, z i (pj - pj*) (k = 0, i, 2,. . I ) 
j:-_s (1.3) 

In order to determine the unknown forces Pj transmitted through the rivets, we write 
the conditions for compatibility of the mutual displacements of the adjacent rivets in 
the plate and the stiffener. Let &be the mutual displacement of the k-th and (k -t- 
1) -th rivets in the plate in the stiffener direction. Then 

RNI, 
Tk = Re {[W (Z^.+,) - W (zk)] e-@} = EF (k = 0, 1,2, . . , ) (1.4) 

0 0 

(1 - v)Bw (2) .-- X’p (2) - ZG) - fi) (I.51 

(B = B& i (1 - V%), 3c = (3 - v) i (1 + v)) 

where the relationship (1.5) to determine the complex displacement vector w = ur + 
iu, is written in conformity with [S], h is the plate thickness, Y, E are the Poisson 

ratio and Young’s modulus, respectively, of the plate material, CJ (2) and 9 (z) arecom- 
plex potentials, and E, is the Young’s modulus of the stiffener material. 

To find the functions cp (s) and II, (z) we must solve the plane problem of elasticity 
theory for a plane with an infinite number of stiff circular inclusions simulating rivets. 
Hovever, in the majority of cases of practical importance, the rivet radius is small com- 
pared to their spacing (r / R = 0.02-0.1). This permits us to limit ourselves to ta- 
king account of the asymptotic interaction between the inclusions and to use the super- 
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position principle in the following form: 

Here 
‘p* (2) = rz, $* (2) = T’z 

(1.6) 

(1.7) 

9iCz) = 
XXj 

In (Z - Zj) -+ 
Xj 3j 

2n (1 + x) 2lT (1 + X) i --+ 2 - Zj (Zp, )2 ] 
i 

(i = 0,1,2, . . .; 41‘ = NllQ) + N2zQ); 2r’--:V,,m -iV1lp + 2iN,,“) 

where cp* (4 9* ( z 1 are the potentials of the given homogeneous external field, 
cpi (z), s@, (z) are the potentials for a plane with one j-th stiff circular inclusion to 

whose center a force Xj is applied. 
Taking into account that (r / II)‘< 1, after certain manipulations the compatibility 

condition (1.4) can be reduced by using the relationships (1.5)-( 1.7) to the form 
cc 

Yo - c 
(k = 0, I,& 0 . * ) (1.8) 

j-0 
Here 

(1.9) 

(NIX” - Ntam) cos 28 + 2Nlz0” sin 20 
I 

I 
1 f 2xlne, k=--l 

I’~=-I’_-)i--l= -I-2xlnE, k=O 

2xln(1 + I/k), k#O, - 2 

(1.10) 

Subtracting the ( k - 1 )-th equation from the k-th in the system (1.8) (for k = II, 
2, . * . and taking (1.2) into account, we find 

PO + @ijO I’_jPj = Oyo -t PO* (1.11) 

Pk + W,% bk-jPj = Z’&* (B= f,2,...) 
where 

k=O 

b k=b_-k=rk+r_-k= lkl= 1 (1.12) 

2xin(l -k+‘), lkl= 2,3,.., 

Equations (1.11) are used to determine the forces Pj transmitted through the rive&The 
forces in the stiffener NI are then found from (1.3). The field in the plate is determined 
easily in terms of the Z’ j found by means of the formulas (1. I.), (1. a), (1.6) and (1.7). 



316 L. S. Rybakov and G. P. Cherepanov 

2. Solutfon of the infinite algebraic system, Following the method 
proposed by Fel’d [l],let us consider the functions 

Since 

(2.1) 

lim 1 bk Jl’k = lim [2x 1 In (1 - kw2) (Jl’li =: I 
k-m.? &KS 

and the series 
b (z) = B (8:) = 2 jIbii (cm kz - 1) (2.21 

converges, then the function B (z) is regular in the unit circle C. Moreover, by using 
(1.10) and (1.12) it can be shown that 

B (z) = (1 - z)I’ (z) 

Let us assume that the functions 

P(z) = ; P&, 
k=o 

Y” (2) = g Ph.%+ 
k=o 

are analytic in the domain D, -I- C (D, and D_ are the domains inside and outside 

the unit ~ircle,r~pec~vely), This assumption is justified in the ratio of the functions 

P+ (z) after the problem has been solved. The analyticity of the ~nc~on P* (2) in 
the domain D, + C is assured by the nature of the external force distribution Pk* 
under consideration, 

It follows from this discussion that 

P+(Q c-k-ldc = P+(k)(O)/(k!) (k = 0,1,2,. . .) (2.3) 
C 

where 
k = 0, 1,2,. . . &\P+05-k-1dS = {fki kz _l 

_2 

G 
, , I . . 

Analogous relationships hold for the quantities Pk* and P” (2). 
Taking account of these expressions,& 11) becomes 

1 
2zc f 

G (f;) P* (8 - P* (Q d5 = o 

5 x+1 
(h- zzs ,i,2, . . .) 

(2.4) 

(2.6) 

Here 

G(5) = 1 -I- oB(5) = 1 + O(I - 5)1?(c) 

Let us introducer the piecewise-analytic function 

(2.7) 

P (2) - l P+ (z), ZED, 
P- (z), zEa_ 

which is a solution of the vernal-Hilbert boundary value problem 
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P-(5) = G(W’+(L) -P* (5) (<EC) (2.8) 

Then conditions (2.4) and (2.6) will be satisfied because of the definition of the func- 
tion P (z) and taking account of (2.7) and (2.8), Eq. (2.5) goes over into the relation- 

ship 
p+ (1) = oy, + p* (1) (2.9) 

which reflects the equilibrium condition for the semi-infinite stiffener separated from 
the plate. 

According to (2.2) and (2.7), the function G ( 5) ( 5 E C) is real and positive so that 
its index in the circle C is zero. Hence, the solution of the problem (2.8) has the form 

PI P* (2) = X* (2) If* (2) + P- (oo)), X* (2) = exp L--F* (z)] (2.10) 

Finding the constant P- (co) from the equilibrium equation (2.9) 

P- (CQ) = vo + P* (1) 
X+ (1) 

- f’(l) 

we finally write the solution as follows: 

P* (2) = 
[ 

qo + P* (1) 
x+ (1) - f’ (1) + f+ (@] x* (4 

According to (1.7) we hence find 

p = Q-v0 + p* (1) 
h 

[ X’(1) 

- f’(l)] X+;;(O) + -& [f’ (2) x+ (z)]!L!o (2.11) . 

(k = 0, 1, 2, . . ) 

In conclusion, let us note a more convenient form of writing the last equations for cal- 

culations. To do this, we use the following recursion relations: 

X+(k) (2) 1 
k-l 

X+(m) (2) FfW-m) (z) 
=-- 

k! k c (k-4 m! (k - m)! 
(12=1,2,. . .) (2.12) 

VI=0 

rf’ (4 x+ (z)Vk) 
k! = 

) (2.13) 

and the notation 

1 
Pk = x XStk)(f$, 6k = . & [f’(z) x+(z)]!!?, (2.14) 

h = F+(k)(O) 1 
k 

k! =2ni s 
c 

f \; 111 g (CT) . cos kodo (g (a) = G (eis)) 
li 

(2.15) 

1 +(k) (0) 
qk= r= 

1 

s 

p* (5) 4 
Zni c x- (5) ck+l 

(2.16) 
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Taking into account that 

/Jo 

. 1 (2.18) 

(2.19) 

(2.20) 

3. N u me rf c a 1 r e s u 1 t s . As an illustration of the general solution of the psrticu- 
lar case when there is-nzexternal field, i. e, “FB = o and yo-= 0, but the force X0* = 

ciri is applied to the outermost rivet (il- = 0). Then P: == P* (z) 7 1, f” (2) = 0, 

nk =:: 0 and according to (2.18) and (2.20) 

P, == pk I T/p, (k 7: 0, 1, 2, . . . 

It is now required to find the quadrature (2.15) and to use the recursion formula(2.19). 

l7 lx I5 7. u 2.P - 

Fig. 2 

Curves of the dependence of the forces P, and PI at the two outermost rivets on the re- 
lative stiffness parameter u are represented for two values of the parameter E equal to 

0.02 (dashes) and 0.1 (solid line) in Fig. 2 for Y = lip . A domain of values of E en- 
countered in practice lies between these values. The calculations were performed on the 
M-222M computer ; the computation time was around two minutes (for 17 points on each 
curve). 
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Let us note that a variable scale is used along the o axis in Fig. 2: to the left of 1 are 
values of the parameter o itself, while to the right of 1 are values of 1 / o so that for 

w < ‘1 the points w and 1 / o are symmetric relative to the point o = 1 I 
The dependence of Pk for k = 2,3, . . . on the parameter o qualitatively duplicates 

the curve for P, in Fig, 2. An appraisal of the distribution of the forces P, over the ri- 
vets can be made from the following results (we present the values 104. P,, k == 0, 1, 
. . ., 5): 

E o k=O f 2 3 4 5 
0-i 6325 1162 526 294 185 126 

0.1 1.0 2617 566 376 280 222 182 
10 871 124 91 74 63 55 
0.1 5360 1397 651 355 216 142 

0.02 1.0 2089 537 369 277 219 179 
10 689 122 84 69 59 51 

Let us note that in the presence of one external field when NT; # 0 (and XA* = 0), . 
we have 

Pk I yo = OPk i 1/F-, (k = 0, 1, 2, . . . ) 

which agrees with the case just considered to the accuracy of a factor of’@ . 
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